In this paper, the design and implementation of two different, nonlinear and vector, closed-loop control methods for flying-capacitor power converters are proposed and evaluated. Specific focus has been given to the decoupling problem, the influence of the balancing compensator on the output voltage reference tracking controller. In the first method, the coupling between the internal voltage balancing dynamics and the external load dynamics is solved in the pulse-width modulator by means of vector modulation. In the second method, input-output decoupling is achieved by feedback linearization to resolve the nonlinearity caused by switching the flying-capacitor voltage state. For both methods, classical linear control theory is applied in the design of a feedback control law. The theoretic evaluation is supported by simulation and experimental results.
Introduction
The flying-capacitor multilevel topology has become an attractive solution for various power electronics applications (Defay, Llor, & Fadel, 2010; Meynard et al., 2002) . The main advantage of this topology, compared to its two-level alternative, arises from the series connection of the switching devices, resulting in the ability to split up the supply voltage. Consequently, switching devices with a lower voltage rating can be used. The switching devices are controlled in such a way that the capacitors can be charged or discharged for any output voltage level, which leads to the ability of balancing the capacitor voltages while creating both ac and dc waveforms. Additionally, when N represents the number of switching cells, and interleaved switching or phase-shifted carrier pulse-width modulation (PWM) is applied in such a converter, the effective ripple frequency of the output current will be N times the switching frequency. The resulting increased-frequency multilevel waveform reduces the amount of filtering that is required at the output, potentially increasing its bandwidth, which is beneficial for the total system performance.
The algorithm, containing the PWM and control, applied to the flying-capacitor converter has two tasks. The first task is to track the reference and to create the desired output voltage, and the control method which is used for achieving this goal is very similar to that of a conventional twolevel amplifier. The second task is the balancing of the capacitor voltages. It is widely known that phase-shifted carrier pulse width modulation (PSCPWM) achieves natural balancing (Wilkinson, Meynard, & du Toit Mouton, 2006) of the capacitor voltages. For other carrier-based multilevel PWM methods, such as phase-disposition (PDPWM) (Shukla, Ghosh, & Joshi, 2011) , other open-loop balancing techniques can be found. Another example is given in Zhang & Watkins (2007) , where the balancing control method has been combined with selective harmonic elimination PWM (SHE-PWM). The natural balancing can be improved by using external balancing booster circuits (Stala, 2010) .
Natural balancing may be applicable in a number of applications; however, in for instance (Duarte, Offringa, & Groningen, 2000) , it has been shown how small perturbations/disturbances in combination with parasitics can lead to steady-state solutions that are undesirable. Furthermore, in some situations it may be necessary to be able to track supply voltage variations, for example during start-up of the converter, and the natural balancing time-constants can be too slow. As a result, in a worst-case situation, it is possible that the voltages seen by the switching devices exceed their maximum. For these reasons, closed-loop balancing control is required, in particular for flying-capacitor converters with a high number of voltage levels (Thielemans, Ruderman, Reznikov, & Melkebeek, 2010) .
Closed-loop control methods for flying-capacitor topologies have been proposed in for instance (Costa, Mussa, & Barbi, 2013; Ghias, Pou, Ciobotaru, & Agelidis, 2014; Kang, Lee, & Hyun, 2004; Khazraei, Sepahvand, Corzine, & Ferdowsi, 2012) . It has been noticed that, when duty cycle corrections are performed, very often the coupling between the two control tasks is neglected and superposition is used to calculate the duty cycles. In these situations, the adjustments made by the balancing controller will influence the reference controller. Moreover, the coupling between the two controllers can become a serious issue, especially in applications where high accuracy and bandwidth is a requirement. Decoupling of the two control tasks requires, therefore, special attention.
In previous work (Caris, Huisman, & Duarte, 2015) , various control methods, which include linear control with vector modulation, linear-quadratic regulator (LQR) and finite-set model-predictive control have been implemented on a half-bridge flying-capacitor topology. Here, some of the methods presented earlier will be applied to the full-bridge topology and new elements are included. As a basis, the method proposed in Gateau, Fadel, Maussion, Bensaid, & Meynard, (2002) is used, where input-output decoupling by means of feedback linearization has been presented as a solution for half-bridge flying-capacitor converters. More specifically, this paper focuses on the implementation of tools for nonlinear control design and compares the results with the vector decoupling presented earlier. Additionally, this paper is specifically focusing on the decoupling of the two control objectives, and nonlinear tools as applied in Bacha, Munteanu, & Bratcu (2014) and Bacha et al. (2014) are discussed more elaborately.
Two closed-loop control methods are proposed achieving both control objectives for a fullbridge flying-capacitor amplifier system, of which the schematic is shown in Figure 1 . The proposed methods can be extended in such a way that they can be applied to systems with more voltage levels. It should be noted that resistors R g have been added on purpose to dampen the resonance in the frequency response of the filter. It is also possible to dampen the resonance actively; however, this is not the focus of this work. Proportional control is proposed for balancing the capacitors as the control action will be close to zero when the capacitors are balanced. By nature, Figure 1 . Circuit diagram of a full-bridge flying-capacitor converter with two cells per leg.
these are type-1 systems. Nonidealities in the control-loop may cause a small steady-state error; however, for most applications this has a negligible impact. For the output voltage control, it will be shown how an LQR controller can be designed -subject to the feedback linearizing coordinate transformation -containing a cost function that is minimizing the energy in the output filter.
The organisation of this paper is as follows. The modelling of the flying-capacitor topology is discussed in Section 2. In Section 3, the input-output decoupling by feedback linearization is explained in detail, and in Section 4 the second method, decoupling by means of vector PWM, will be explained. Section 5 will show how an LQR controller can be designed. In Sections 6 and 7, the control methods are implemented in simulation and on an experimental setup, respectively. Implementation of the controllers on a digital signal processor (DSP) will also be discussed.
Modelling
In this section, a model will be derived for the topology shown in Figure 1 . The modelling procedure consists of a number of steps, starting with the derivation of a continuous-time switched-model. This type of model can be put in different forms and also provides the basis for the modelling used in simulation tools such as PLECS (2014) . The second step is to remove the nonlinearity which is caused by the conversion of pulse code modulation to PWM conversion and the switching nature of the model, which can be done by using a sampled-data modelling procedure (Duarte, 1998) or by considering only the moving average (Middlebrook & Cuk, 1977) . The latter approach is applied here. It is shown that the resulting model belongs to a particular class of nonlinear systems, a bilinear system. A linear controller can be designed when the bilinear system is linearized. A disadvantage of conventional Jacobian linearization in the symmetric operating point (x 0 ; u 0 ) in which the steady-state output voltage is equal to zero is that the dynamics which are responsible for the balancing mechanism in the model are eliminated. Another disadvantage of Jacobian linearization is that the Jacobian model provides an exact representation only in the operating point, and, therefore, the control law based on linear control theory might yield unsatisfactory results in other points. For these reasons, the more general approach, feedback linearization as applied in nonlinear control theory (Isidori, 1995; Nijmeijer & Van Der Schaft, 1990) , is investigated in Section 3.
Averaging switched model
Consider a smooth input-affine nonlinear multiple input, multiple output (MIMO) system with m inputs, m outputs and n states of the form
y ¼ hðxÞ;
in which
Smooth means that all entries of fðxÞ, g i ðxÞ and hðxÞ are assumed to be C 1 -functions. In other words, these functions are continuous and the partial derivatives of any order exist. As a consequence, certain nonlinearities that commonly exist in power electronic systems, caused by for instance blanking-time or input saturation, which are often described by discontinuous functions, are not included in the model. Note that inputs are indexed with subscripts, and outputs with superscripts. The input of a switched system is defined as qðtÞ ¼ ½q 1 ; Á Á Á ; q m T , of which the elements contain the switching functions defined as
The switching function in Equation (4) represents a PWM waveform, which can be applied to one of the switches in the power converter. To be more specific, a switching function q i is applied to switch S i . A mode σ of the system is defined as the binary interpretation of the q-vector, and σ is a time-dependent function, defined as the switching law. The switching law defines the mode of the converter at each time instant. In Table 1 , the different modes are listed for half the system, and in Figure 2 , the q-functions and mode σ are illustrated.
An averaged model can be derived from the switched model by replacing the switching functions by their moving average, according to Table 1 . Switching modes for half the topology.
It will be shown that the differential equations that describe the flying-capacitor circuit shown in Figure 1 can be put in bilinear form (Bacha et al., 2014) , resulting in a state-space model of the converter topology according to
in which the states and inputs are defined as
where v x or i x represents the voltage over or the current through element x, respectively. The system matrices can be derived by applying Kirchhoff's laws to the switching circuit, resulting in
ÀðRþ2RgÞ 2CHRgR 2 6 6 6 6 6 6 6 6 6 6 6 6 6 4 3 7 7 7 7 7 7 7 7 7 7 7 7 7 5 (7) 
It can be seen that fðxÞ in Equation (1) is equal to Ax in Equation (6), in which A is a constant matrix depending only on system parameters. The input vector functions are given by g i ðxÞ ¼ ðB i x þ b i Þ. As it is desired to regulate the capacitor voltages and to track the output voltage, references need to be defined
The output functions are defined as
Note that h 3 represents the differential mode voltage and h 4 the common-mode voltage. For the latter, it should be noted that in practice the voltage at nodes A and B are measured instead of the actual voltages of the capacitor voltages C g .
Input-output decoupling by feedback linearization
In this section, the first of two methods for decoupling the model presented in the previous section will be explained, and some tools from nonlinear control theory will be introduced. In Appendix A, a summary of the Lie Algebra meaning and notation is given. Also, the definition of relative degree and the decoupling matrix for a nonlinear MIMO system is given as it plays an important role in the following calculations. For the flying-capacitor topology, the set of relative degrees is given by
and so it is found that the total relative degree for the system is r t ¼ sum r f g T ¼ 6.
System transformation
The next step in finding the linearizing control law is the definition of transformed inputs
The goal is to find a transformation such that the map between each newly defined input v i and output y i is linear, and, that each of the m outputs is controlled by one and only one of the inputs v i . The latter objective is referred to as the input-output decoupling problem. In other words, with a coordinate transformation our goal is to find a diffeomorphism
that creates for each of the 1 i m transformed inputs v i a system in Brunovsky normal form, as
where r i is the relative degree of output y i . In matrix notation, Equation (16) becomes 
In Equation (17), ξ i denotes an r i -dimensional vector of transformed state variables and v i denotes the transformed input. The state variables can be combined together in a single vector, according to
in which each of the transformed states can be calculated as
Additionally, n À r t zero-dynamics are introduced in Equation (15), as
in which p j is a function of (η; ξ). These zero-dynamics describe the internal behaviour of the system when the input and initial conditions have been chosen in such a way that the output remains zero. The zero-dynamics are not uniquely defined and can be chosen arbitrarily as long as
For the system defined in Equation (6), the required coordinate transformation in Equation (15) 
As mentioned earlier, the zero-dynamics are not defined uniquely, and, here η ¼ x 3 À x 6 À x 7 is chosen, as it is related to the circular mesh voltage in the output filter involving the three capacitors.
Input-output decoupling
The relation between the transformed inputs v and actual inputs u of the plant is given by
Here, FðxÞ is the characteristic decoupling matrix of the system 
as given in Appendix B (see Equation (B2)), and 
For the flying-capacitor topology the decoupling matrix is found to be 
This matrix is characteristic for the system and reveals some of its fundamental properties. For instance, the matrix becomes singular whenever x 2 ; x 5 or V s is equal to zero, meaning that the feedback linearization is not valid anymore in these operating points. It should be noted that if the output function hðxÞ is selected such that if instead of the common-mode and differential mode voltages, the voltages of capacitors C gx are controlled, Equation (24) will yield a different result, and the decoupling matrix will become singular for all x.
Linearizing control law
The input-output linearization of a bilinear model as described by Equation (6) 
Here, FðxÞ is again the decoupling matrix in Equation (26) and GðxÞ is found to be
where
Decoupling by vector PWM
A second solution for the input-output decoupling problem is presented in Caris et al. (2015) . The proposed modulation/decoupling method is quite similar to space-vector modulation/control as applied in three-phase converters. In three-phase systems, the output voltages define an orthogonal three-dimensional space, which results in a cube that delimits the boundaries of all possible combinations of voltages that could be created. The simplified Clarke transformation is an isometric projection of this cube on the α; β-plane. In Caris et al. (2015), a similar approach is used, where input voltage and output current are placed orthogonal in a two-dimensional space. While in three-phase systems, the space vectors are mostly assumed to be static, now, the space vectors are dynamic and depend on the system state. Another difference to point out is that so-called zero-vectors (vectors in the origin) do not exist.
Contrary to the full system analysis in the previous section, the vector decoupling problem is solved for each of the switching legs individually. It is most convenient to implement such decoupling as a part of the PWM modulator. Therefore, a modulator is proposed which achieves the decoupling under the assumption that the state variables do not change significantly within one PWM cycle. With the analysis as done in Caris et al. (2015) , it can be derived that for the threelevel flying-capacitor topology, the duty cycles can be calculated as 
Control design
In this section, two alternative solutions for a compensator are presented, namely, LQR and discrete-time proportional-integral control. It has been chosen to present the design of an LQR controller in combination with input-output feedback decoupling. The reason is that it contains an additional step, a coordinate transformation of the Q-matrix. The LQR controller is designed only for the output voltage part. As a result, only a subset of the transformed states and inputs of the system are required. Splitting up the system as such is possible, because the system is decoupled.
A discrete-time PI controller is presented in combination with vector decoupling. However, it is also possible to exchange the strategies.
Output voltage control by full-state feedback with LQR
A block diagram of the control structure with feedback linearization is shown in Figure 3 . The control gain matrix can be determined in various ways, for instance by using pole placement (Vaccaro, 1995) . Here, an LQR approach is selected, because it allows to calculate an optimal gain when setting priorities to certain states and inputs, achieving a good balance while controlling the output. The LQR control law is given byv
in which the gain L is determined by minimizing the cost function
with ξ ¼ ½ξ
The state vector has been redefined in such a way that it only contains states which are part of the output filter. The next step is to determine the weighting matrices Q and R in such a way that the energy in the output filter is minimized. Therefore, the Q-matrix needs to be transformed aŝ
where weighting matrix Q H is selected in such a way that the right-hand side of Equation (35) represents the total energy in the output filter, given by 
Solving Equation (35) results in the matrix
g 2 6 6 6 6 6 6 6 6 4 3 7 7 7 7 7 7 7 7 5 :
The R-matrix penalises the input and there is no specific guideline in selecting the value, although it represents an energetic term in the cost function (33), and a higher value will result in slower transients. Furthermore, since the two inputs have been constructed to regulate the common-mode and differential mode voltage, in the R-matrix a weighting factor could be selected for both these two terms. In this paper, a value of 3:3750 Â 10 À33 is used for both terms. When applying the digital LQR solving algorithm from (MATLAB, 2013), dlqr, The resulting gain matrix is found to be
1:0825 0:0000 À0:0000 À0:0000 À0:0148 À0:0000 À0:0000 1:3052 0:0000 0:0000
In Figure 3 it can be seen that proportional control is used for the capacitor balancing and that these states have been removed in the design of the output voltage controller.
Output voltage control by vector decoupling and PI control
As mentioned earlier, the vector decoupling method will be presented here combined with a linear PI controller. With the use of linear control, both the capacitor voltage and the output voltage are measured and a PI controller is used to track the output voltage. The basic structure of such a controller system is shown in Figure 4 . The compensation may be implemented in the modulator by means of various methods, i.e. by changing the duty cycle or the phase-shift. Alternatively, it is possible to calculate the switching times instead of a duty cycle/phase-shift and implement a space-vector controller. The chosen method is not relevant as long as the balancing control action is decoupled from the output voltage/current control. The compensator for the output voltage is a PI controller, given by the transfer equation in the z-domain
In this paper, K p ¼ 0:2 and K i T s ¼ 0:3. The gain for the balancing compensator has been selected as K v Cx ¼ 0:03.
Prevention of saturation effects
One of the problems that have been encountered during the implementation of the controllers is input saturation. While theoretically the inputs have been decoupled, when one of the inputs is saturated, the decoupling is not valid anymore. In this paper, a solution for the saturation problem in the vector PWM is proposed by setting priorities. That is, the maximum capacitor voltage correction is calculated, in such a way that the capacitor voltage correction will not saturate the output. In other words, V ref is limited between À 1 2 V s and 1 2 V s , and I ref is calculated in such a way that the maximum possible vector is placed exactly on the boundary of one of the sectors. It should be noted that this strategy may result in a change of sector, because it projects the reference vector on the boundary. The maximum value can be calculated by using
in which a ± sign is used when V ref < av d and where a represents the sign of the output current.
Output current singularity
Both the feedback linearization as well as the vector pulse-width modulator yield a singularity for zero output current. The division by zero cannot be calculated and in practice it also means that certain values in the digital microcontroller can become very high when the output current is very low. As a result, additional code is required to prevent these situations from happening. It is questionable whether it is required that the control law for balancing the capacitor voltages has linear behaviour. Furthermore, a low output current will in any case not be able to quickly unbalance the capacitor. Therefore, the output-current singularity could be solved by a multiplication with i out j j or i 2 out in the feedback control law.
Decoupling

A/Dẋ
= Ax+ Bu. 
Simulation results
The flying-capacitor topology of Figure 1 has been simulated with the parameters shown in Table 2 . Simulation results are obtained by using Matlab/Simulink (MATLAB, 2013) including the PLECS blockset (PLECS, 2014) and are shown in Figure 5 . In this simulation, every 500 μs a step of 24 V ( AE 12 V) is generated, while at the same time the capacitor voltage is being balanced. Such a transient in the reference of both compensators can be seen as a worst-case situation. Even more so, because a change in current sign occurs during the step. The capacitor voltage has an initial offset. In all simulations, only feedback control is applied and no feedforward techniques are included, also the control-loop elements are assumed to be ideal. It can be seen that both methods show very similar results given the current conditions (i.e. designed controller gains, modulation index). It takes only five switching cycles to reach 90% of the steady-state end value. The capacitor balancing still has a small effect on the output voltage as can be noted, because the decoupling methods rely on a model which is based on the assumption that the state variables do not change within one switching cycle. Furthermore, from the simulation it is observed that without any control of the capacitor voltage (open-loop), the time to balance can be excessive. Faster balancing is easily achieved with feedback control. For linear control, the time to balance is of course dependent on the gain which is chosen. Here, the gain and also modulation index is chosen such that saturation is prevented. However, if both these values are increased and a step of 56 V is generated with a higher capacitor-balancing gain, saturation effects can clearly be noticed. This is shown in Figure 6 , where the LQR controller has no prevention of saturation, and it can be seen that the transient is heavily distorted. The PI controller, on the other hand, has a limitation on the capacitor balancing compensation, as explained in Section 5.3.
Experimental results
A prototype board has been realized which can be configured in the topological configuration as drawn in Figure 7 , and the component values are the same as in simulation (see Table 2 ). The TMS320F28M35 fixed-point DSP has been used at a clock frequency of 150 MHz. This DSP has two cores, but only the C2000 core is used for the calculations. On the prototype board, the flying capacitors have been realized with ceramic capacitors. For accurately measuring the flying-capacitor voltages, a measurement circuitry is required which is able to measure a differential mode voltage while having a high common-mode rejection as the voltage potential is continuously switched with respect to the ground potential. Also, isolated gate drivers with bootstrap circuit have been used. All the measurements which are shown in this paper have been obtained with a LeCroy WaveSurfer 24MXs-A oscilloscope.
On the DSP, at the start of each switching cycle, the reference signal is updated and a startof-conversion signal is sent to the internal 12-bit analog-to-digital converters. All state variables are measured and an interrupt is generated when the conversion is finished. Then, calculations are performed as presented in this paper to calculate the duty cycles. This sequence is continuously repeated. For achieving high accuracy (32-bit) in the calculations, the IQmath library has been used.
In Figure 8 , an open-loop measurement is shown, where a 3-kHz sine waveform is generated. In Figure 8(a) , the differential-mode output voltage is shown measured before the filter, directly at the switching nodes. The measurement has been taken after a while, meaning that the result shows steady-state behaviour, and it can be seen that the voltage deviation of the flying-capacitors is still quite significant. In Figure 8(b) , the resulting output current is shown. The amplitude of the output current is lower than expected due to the high inductance of the wire-wound resistor load.
In the following, both control algorithms have been implemented, and a measurement result will be shown in which simultaneously a step response is applied to both the output voltage and flying-capacitor voltage. Initially, the flying-capacitor voltage has a small offset. 
Practical implementation of the feedback linearization with LQR
In Figure 9 , a measurement result has been shown of the implementation of feedback linearization with LQR. The control algorithm is executed at a frequency of 146 kHz. Due to the use of PSCPWM, a three-level output voltage will be realized with an effective frequency of twice this frequency (292 kHz). Furthermore, the supply voltage has in this case been set to 30 V and a duty cycle of 0.4 has been used. To remove noise from switching on the measurements, a noise filter has been applied to the measured waveforms. The output voltage transient is very fast and it can be seen that the balancing of the flying-capacitor has hardly any influence. Similar to the simulation results, when the duty cycle or gain is increased and inputs become saturated due to balancing, the transients can become very poor.
Practical implementation of vector decoupling with PI control
The calculations of the vector decoupling with PI control took more processing time. As a result, the switching and sample frequency have been reduced to 73 kHz. At the same time, the modulation index and supply voltage have been increased to show the input saturation effect. The measurement results are shown in Figure 10 and it can be seen that balancing still has some effect on the transient of output voltage, although it is much less than without decoupling and saturation prevention. 
Conclusion
This paper presents two different control methods for balancing voltages in flying-capacitor topologies while at the same time controlling the output voltage with feedback control. Specific attention has been given to the decoupling of these two control tasks, the decoupling problem. In the first method, the decoupling has been achieved by using feedback linearization. In the second method, the decoupling problem has been solved by using a variant of space-vector modulation. For both methods, it is possible to design a controller as desired. In this paper, the vector decoupling method has been demonstrated with PI control and for the nonlinear input-output decoupling, an LQR controller has been designed for tracking the output voltage reference. Simulation results are presented to show how the decoupling methods show quite similar behaviour and are both able to decouple the two control actions. The methods are, in principle, extendable to flying-capacitor topologies with more voltage levels. However, when multiple capacitors need to be balanced, prevention of saturation requires setting priorities. It is suggested that the nonlinear approach could be further improved by analysing the effect of saturated inputs.
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